INTRODUCTION
Patterns of contacts over time, the potential for re-infection, and the potential for repeatedly contacting multiple individuals through time are powerful determinants of infection levels . One approach to studying these determinants uses continuous differential equations. Another is to study discrete
In submission. p. 2 individual models with stochastic simulation. Until recently, practical and theoretical links between these two approaches have been lacking. GERMS [2] is a discrete-individual simulation model that has been proposed for analyzing infection transmission dynamics in social networks [16] that also allows for a continuous differential equation analysis in many situations. The purpose of this article is to provide a discussion of the stochastic model behind GERMS, and to provide links between continuous differential equations and the discrete-individual simulations that describe special cases of that stochastic model.
The model structure of GERMS also allows for loss and reacquisition of infection in the context of continuing contact between individuals. This is probably quite common for mucosal infections, including gonorrhea and chlamydia. The analysis of the GERMS model structure below provides a new understanding of how endemic infection levels are determined when reinfection is a possibility. The analysis also extends the concept of basic reproduction ratio as defined for continuous and homogeneous population models to discrete individual models and makes clear the limitations to extending this concept to situations where contacts continue rather than consisting of a point-time encounter. The analysis and interpretation are based on both theoretical and computer simulation results. Section 2 examines a simple stochastic model of transmission for a susceptible-infectious-susceptible (SIS) infection in a homogeneously mixing population. In its simplest form, that stochastic discreteindividual SIS model can be studied as a deterministic compartmental model when a large-population approximation is made. Pseudo-equilibrium prevalence levels are derived using large population limit of a Markovian, closed population model when individuals are sequentially monogamous. The increase in the basic reproduction ratio 0 R is quantified when re-infection is possible, as may occur with mucosal infections. A Markov chain formulation indicates that 0 R is a more complicated concept when transmission occurs in the context of ongoing partnerships, rather than point-time encounters. In particular, the familiar formula 0 1 
/R -
does not relate the endemic infection level to the expected number of secondary cases generated by a typical case in the early stages of infection.
Next, a new formulation of partnership concurrency is proposed that both provides a natural stochastic generalization of deterministic social mixing functions, and allows for the analytic determination of equilibrium quantities of interest, such as the number of individuals with a given number of partners.
Altmann [3] describes the distribution of the number of partners, given the population-level rate of adding new partners as a function of the current number of partners. That result is extended below by a derivation of population-level rates from individual-level parameters.
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Section 3 generalizes the simplified model in three ways. First, partnership and infection durations can be modeled as arbitrary gamma distributed random variables, rather than requiring all quantities of interest to be exponentially distributed. Second, the parameters of individuals are allowed vary from individual to individual. For instance, each individual may have a different propensity to partner or to acquire concurrent partners. Third, partnerships can be formed in a variety of social or geographic settings, in a way that is motivated by the structured mixing formulation of Jacquez et al. [15] . The duration and sexual contact rate of partnerships may depend on the context in which the partnership is formed, so, for instance, that long-term partnerships and partnerships with commercial sex workers can be modeled. This generalized process is expressible as a generalized semi-Markov process, and as such, is amenable for computer simulation. GERMS is a computer implementation of this general model. Section 4 discusses discrete-event simulation experiments for the model. First, some computational efficiency issues for the partnership generation process are described. An approximation is presented that reduces the computational complexity of algorithms to generate the partnership process. Second, simulation results from several simulation experiments are presented. The large population approximations are shown to provide good approximations for populations of two thousand individuals.
Graphs indicate how infection levels vary above and below pseudo-equilibrium levels. Simulations also quantify the change in endemic infection levels due to heterogeneity in individual parameters and partnership dynamics. The partnership-formation approximations are shown, for practical purposes, to reasonably represent the underlying mathematical model. Further discussion and conclusions are presented in Section 5. In submission. p. 4
SIS Model for Simple Homogeneous Populations

INSERT Figure 1 NEAR HERE
As such, the population dynamics model is a network-valued stochastic process that is motivated by the deterministic model of Dietz and Hadeler [8] . The state space is a stochastic network (a set of nodes, an infection status for each node, and a set of arcs) whose state transition matrix depends both on properties of individuals, such as the partnership propensities of individuals that are unpartnered, and on parameters that depend on both partners, such as the duration of a partnership. The models of [11, 19, 23] are discretetime processes. The continuous time (CT) process presented here can also be expressed as a discrete-time
Markov chain with uniformization (e.g., see [25] ). However, retaining a continuous time formulation simplifies the derivation of analytic properties below.
An individual's propensity to form new partnerships is conceived as a concept related to, but distinct from, the rate at which two individuals actually form a partnership. Because of the monogamy condition, male j has a partnership propensity ξ Mj that equals 0 when he is partnered, and that equals the base partnership propensity λ Mj when he is not partnered. Let ξ Fk and λ Fk be analogous quantities for female k.
Because partnership status changes through time, so too may the partnership propensities ξ Mj and ξ Fk . It will be convenient below to let g represent the gender in the subscript. This notation and notation used below are summarized in Table 1 .
INSERT Table 1 NEAR HERE
The instantaneous rate of partnership formation (inclusion of an arc) between j and k is determined by a mixing rate function jk r that depends on the partnership propensities and the total numbers of individuals, Here, "eligible to partner" means that each individual currently has no partner. Appendix A.1 indicates that this mixing function is a special case of an individual-level analog of the Frederickson/McFarland [26, 27] properties for population-level mixing functions. The sum of the jk r over all potential couples (j,k) is the overall rate r of partnership formation.
Because Mj n and Fk n change through time, partnership formation is a non-homogenous Poisson process (e.g., see [25] ). This formulation does not make the chances that a male will form a partnership with different females proportional to the partnership propensity of those females (or vice-versa). It has the nice quality, however, that it makes the overall rate r of heterosexual partnership formation in the population the average of the total partnership potential of each gender. If the partnership propensities are the same (λ = λ Mj = λ Fk ) for all individuals in a sequentially monogamous population, then Mj n = the number of unpartnered males, Fk n = the number of unpartnered females, and 2 / ) (
Separation (removal of an arc) occurs randomly through time as well. The Markovian character of partnership dynamics is preserved by assuming that each individual in a partnership separates with rate σ, so that 1/ σ is the mean duration of a partnership.
The infection process for an SIS model must account for two distinct features: transmission and recovery.
Each individual (node) is either infected or uninfected. Transmission accounts for new infections, and the duration of infection is presumed to be exponential with mean d, so that the recovery rate is 1/d. The rate may depend on whether a male or female is infected. For instance, [28] uses d m = 10 days for males and d f = 100 days for females in a study of gonorrhea.
During each partnership, exposure events such as sex-acts are modeled as a Poisson process with rate h during the partnership, and the probability of transmission per exposure is β. Thus, if a partnership has duration τ, and it is known that one partner is infected and the other uninfected when the partnership begins, and that the infected partner will not recover prior to the end of the partnership, the probability of transmission during the partnership is 1-exp[-hβτ], the tail probability of an exponential distribution.
This formulation presumes that a partnership is not necessarily initiated with a sex-act.
Sequentially Monogamous Populations
Suppose that there are the same number Assuming that only summary information is desired, the transitions are considerably simplified when every individual has the same base partnership propensity λ , all partnerships have the same sex act rate For states s at the boundary, some of the transitions are not possible, and therefore have rate 0.
INSERT Table 2 NEAR HERE
A few observations can be made. Let Table 2 to be:
The equilibrium distribution for the total number of partnerships z is found by Under the closed population assumption (even when the number of males and females are not the same), once nobody is infected, nobody will be infected ever again. Since the Markov chain is irreducible, the equilibrium probability s π for state s is s π = 0 for all states s such that someone is infected
. Because of this, the equilibrium distribution is not relevant to studying infection levels for this model.
Pseudo-equilibrium infection levels, however, can provide insight [29] . Pseudo-equilibrium levels for this simplified SIS model are approximated using large-population limits. See Altmann [3] or Ethier and Kurtz [30] for a more formal treatment of deterministic limits of related stochastic models.
To simplify the discussion, consider a homosexual (rather than heterosexual) population of N 2 individuals that form sequentially monogamous partnerships. Each unpartnered individual forms partnerships with each other unpartnered individual at a rate equal to the sample average of the partnership propensities, as in Equation (1). The sample prevalence levels presented here are also applicable to sequentially monogamous heterosexual populations with N individuals of each gender, assuming that both males and females have the same parameters, but the argument is more complex and does not provide additional insight.
Pseudo-equilibrium levels are determined here by identifying requisite constraints on the fraction u π of unpartnered individuals that are infected and the fraction p π of partnered individuals that are infected.
Because the system is Markovian, u π is also the fraction of individuals that are infected at the moment they form a partnership. Similarly, p π is the fraction of individuals that are infected at the moment the partnership ends.
First, the probability that someone infected at the end of a one partnership is still infected at the start of the next partnership is λ/( λ+1/d). This implies that a requirement for pseudo-equilibrium infection levels to be maintained is
A second requirement is determined by examining the expected number of partners who are infected at the end of a partnership. Because the probability that each partner is infected at the beginning of a relationship is u π , the number of infected individuals at the start of a new partnership is 0, 1, and 2 with
π , respectively (see Figure 2 ). 
INSERT Figure 2 NEAR HERE
and further that these two relationships result in a quadratic equation for u π with roots 0 (the equilibrium prevalence) and the pseudo-equilibrium prevalence u π for unpartnered individuals,
These equations are similar to deterministic equations derived by Dietz and Hadeler in [8] .
From Equation (4), the pseudo-equilibrium prevalence for partnered individuals is
By taking a time-weighted average over the time spent in and out of partnerships, the pseudo-equilibrium fraction π of infected individuals in the entire population is
The basic reproduction ratio 0 
INSERT Figure 3 NEAR HERE
The basic reproduction ratio can be derived by examining how individuals change states through the tree in Figure 3 . There are several possible state changes for an infected, unpartnered individual. He/she recovers prior to forming a partnership with probability [ ]
The three possibilities for an infected individual whose partner is infected are (a) the individual recovers, (b) the partner recovers (and is therefore susceptible to re-infection), or (c) the partnership ends. These three outcomes lead to three terms in the following relationship for Z.
Similarly, an individual will infect an uninfected partner with probability
. This generates one new secondary case and has the potential of generating Z additional secondary cases, in expectation. Separation occurs with probability
, and generates X additional infections in expectation. This, and a similar analysis for Z, implies that 0 / 1
If hβ approaches infinity (implying certainty of transmission) and π u = 0 (as occurs at the beginning of an epidemic) then X becomes λ(dσ+2)/(λ+σ+1/d). If it were not possible to reinfect a recovered partner during one long partnership, then a similar analysis indicates that X would be λ(dσ+1)/( λ+σ+1/d). The expected number of secondary infections therefore exceeds the expected number of individuals that become infected, because there is a chance that some individuals will be infected and reinfected by the same partner.
Here, the pseudo-equilibrium prevalence u π in the unpartnered population satisfies . One reasonable assumption [3] is to define 0 R as the expected number of secondary cases, given that a newly infected individual was infected by a partner, but that the rest of the population is susceptible. In the notation of this paper,
This definition is used in the remainder of the paper.
Note that π does not equal any of
Since contacts occur at rate h during the fraction of time
that an individual is in a relationship, the effective contact rate is
, and
. Further note that π does not equal
to the well-known formula
that is derived from assuming that contacts are part of a point process, and that re-infection is not applicable. The reason for the discrepancy is that contacts are no longer a sequence of independent events, but are correlated as a result of the partnership dynamics.
Populations with partnership concurrency
Stochastic models of concurrency are perceived as highly relevant for the analysis of infection levels in a population. Kretzschmar and Morris [19] link the distribution of the number of partners in a large population of individuals to epidemiological quantities of interest. They also present a discrete-time R for an arbitrary distribution of the number of partners in a homogeneously mixing population with an SIR infection, and also derives the equilibrium distribution of the number of individuals with a given number of partners. Whereas [3] assumes that the rate of forming an additional concurrent partnership is a known (population-level)
parameter, its value is derived below from individual-level parameters. This section also derives 0 R in the sense of [3] for the SIS model with the potential for infection, recovery and re-infection during a single partnership.
As in Section 2.1, let λ, σ, h, β be the same for all individuals and partnerships, and let 
If 0 0 is defined to be 1, then the sequential monogamy of previous sections can be represented by
The rate that a partnership is formed between male j and female k can still be defined as in Equation (1), and the overall rate of partnership formation is given in Equation (2) . The number of individuals available for partnering is Suppose that l p is the fraction of individuals in a large population with exactly l partners. The same l p is used for both genders because of the symmetry in partnering and infection parameters, and to simplify the arguments. The equilibrium value of l p can be approximated by determining large population limits for the average partnership propensity and break-up rate, as a function of the number of concurrent partners of an individual. From Equation (1) and Equation (12) , the rate at which a specific male with l partners forms a partnership with a specific female with k partners, assuming that they are not already partnered, is
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Sum over k to get the rate l α that a male with l partners forms a partnership with anyone,
It is useful to define the following large population approximation l
where 
The additional constraint R is interpreted as the expected number of secondary cases produced by a `typical' case early in the epidemic, the argument similar to that found in [3] can be modified to determine 0 R in the context here.
Define l η to be the average number of secondary cases produced by an initial case with l partners. If one samples individuals with probability that is weighted by the number of partners, then an individual with l partnerships is sampled randomly with probability
Assume that the initial case in question is infected by one infected partner, and that the other l-1 partners are initially uninfected. Let χ be the expected number of times that each of the l-1 susceptible partners will become infected (including re-infections). Those susceptible partners will be infected with
. Further, the probability that an infected partner recovers before the end of a partnership is 
A More General Infection Transmission System
The simple model in Section 2 ignores a number of real-world complexities that may affect the prevalence of infection. This section describes three model extensions that relax initial assumptions in order to improve the model's ability to approximate reality. Each extension has been implemented in the GERMS simulation model described in [2, 16] .
Infection and partnership durations might not be represented best by exponential distributions.
Infection durations are therefore allowed to have a gamma ( Heterogeneous mixing is required to account for the influence of social and geographic mixing patterns on infection dynamics. Jacquez et al. [15] proposed a structured mixing model that describes the rate at which members of different social groups meet in different activity settings. This motivates the inclusion of activity settings (called a "bins" in [2, 16] ) in the present model. ). This allows for long-term partnerships to be formed in one activity setting, and commercial sex partnerships to be formed in another.
Simulation Experiments
This section describes a computer implementation of the above mathematical model and then describes three sets of simulation experiments.
The experiments validate the above large-population approximations for epidemiological quantities of interest, and provide insight into the stochastic variation of prevalence as it fluctuates around pseudo-equilibrium values.
Implementation Issues
The above general discrete-individual model of infection is implemented in a computer simulation tool 
This updating is repeated until no further separation events are encountered before the proposed partnership formation event. In steady state, there is one partnership formation event per separation event, so the expected number of updates per partnership formation is 1.
Once the time of the next partnership is identified, the activity setting for the partnership is selected randomly with probability proportional to r r b / (probabilistic sampling from a Poisson process is a Poisson process [25] ). After selecting the activity setting b , the individuals in the partnership are sampled using appropriate conditional probabilities. From Equation (17), male j will participate in the partnership with probability 
where w bF is the number of females in activity setting b, excluding those that are both partnered and sequentially monogamous. The approximation is exact for populations entirely composed of sequentially monogamous individuals. The approximation is reasonable for the homogenous population with concurrency in Section 2.2, in the sense that the actual partnership formation rate for male j in Equation (17) and the approximate rate implied by Equation (19) are equal (N/w bF is approximately 1 for that population when N is large). For small populations, the approximation becomes less accurate as the fraction of polygamous individuals increases because it counts as compatible those people on side two with whom person j is already involved. The p bj change as partnerships form as dissolve through time.
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All of the quantities on the right hand side of Equation (19) can be stored in variables that can be accessed in a constant amount of time. The "sampling from a changing probability table" approach of [32] can therefore be used to sample male j for the partnership ( ) N O log time (GERMS uses a balanced binary tree structure). The second individual k of the partnership can be sampled using a similar strategy.
The approximation in Equation (19) 
Simulation Experiments
Simulation experiments were employed to empirically observe the stochastic variation of the infection process around pseudo-equilibrium levels, and to check if the large-population limits are reasonable for small population sizes. The time-average of the prevalence during that 15 years is presented in Table 3 , along with a batch-mean compares quite well with the theoretical pseudo-equilibrium prevalence of Equation (7). Table 3 1-1/(cβd), the endemic level predicted by deterministic models which have exposures occurring as point contacts with no duration. The actual endemic level is rather lower than predicted by 1-1/(cβd). The discrepancy is due to the fact that contacts are not independent events at specific points in time, but in fact are part of a correlated sequence of events that take place in the context of sexual partnerships, a sequence that further depends on the infection status of each partner.
INSERT Table 3 NEAR HERE
The lack of correspondence between the expected number of secondary infections 0 R , an individual-level concept, and population levels of infection is similar to what we have noted in other non-random mixing simulations [17] . A point time proportionate mixing process is required for the individual-level conception of 0 R to correspond to the population-level definition of 0 R .
Populations with some added realism: A second set of simulation experiments examines how the prevalence is affected by changing some of the population and infection dynamics to take advantage of the generality described in Section 3. Table 4 summarizes how the base case population was modified for each simulated population. The average prevalence is calculated over a 15-year period, as for the first set of experiments. Infection" experiments reported in Table 4 should be interpreted with a grain of salt, because a non-zero endemic level of infection is not maintained. Partnership concurrency is shown to play a significant role.
INSERT Table 4 NEAR HERE
In particular, if everyone may have concurrent partnerships ("Concurrency for All"), with a relatively low level of concurrency (θ = 0.1), then the prevalence will be higher (993) than if the male to female transmission probability were changed from 0.3 to 0.7 (prevalence 927). Even if only 10% of the population has the ability to form concurrent partnerships ("Concurrency for 10%"), the prevalence is raised significantly over the base case (710 versus 595).
Prevalence was also examined under the assumption that individuals that form concurrent partnerships tend to form partnerships with each other, rather than mixing homogeneously with the entire population ("Extra Mixing Group"). The mixing was moderately non-homogeneous (all monogamous individuals form partnerships exclusively in activity setting 1, and the 10% of the population that can have concurrent partnerships split their partnership propensity equally between activity setting 1, and a second activity setting reserved exclusively for individuals that can form concurrent partnerships.) This nonhomogeneity changed the prevalence very mildly compared to the importance of concurrency alone.
INSERT Figure 4 NEAR HERE
Evaluation of concurrency approximations: The last simulation experiment evaluates the analysis of Section 2.2 that predicts the expected number of individuals in a population with a given number of partners. Iterative methods were used to compute the solutions for the relevant equations from Section 2.2. Both numerical error and the fact that a large-population approximation is used introduce the potential for inaccuracies into prediction. Furthermore, the simulation makes an approximation to the partnership formation rate that is a function of the partnerships in the network, as described in Section 4.1 above.
The simulated population consisted of N=1000 males and N=1000 females with a common partnership propensity λ = 1/14 days, separation rate σ = 1/14 days, contact rate during partnerships h = 3/7 (3 per
p. 21 week), with per-contact transmission probability β = 0.3, and a concurrency damping factor θ = 0.3. The recovery rate was 1/d = 1/55. Both the theoretical analysis of Section 2.2 and the simulated estimates of the number of individuals with a given number of partners are presented in Table 5 . Individuals with 5 or more partners are grouped together due to the small numbers associated with that level of concurrency.
The approximations do quite well, although the theoretical values typically lie a very small amount outside the 95% confidence intervals for each quantity. This minor deviation is probably best explained as a result of the approximations for the partnership generation rate described in Section 4.1, as the other large-population approximations all seem to hold extremely well for the other quantities of interest for sequentially monogamous populations.
INSERT Table 5 NEAR HERE
For this experiment with partnership concurrency, 0 R in Equation (15) 
Discussion and Conclusions
The stochastic, discrete-individual infection transmission model presented above has parameters that correspond to deterministic model parameters for homogeneous populations. Because of this, a number of analytical results are available to describe equilibrium partnership dynamics and endemic infection levels. Moreover, the simulation implementation of the generalized version of the model allows one to study the effects of relaxing the homogeneity assumptions. This suggests that model exploration can proceed in stages, with deterministic models being used to explore some high-level issues. The general stochastic discrete-individual model can then be used to refine or extend the analysis. Potential uses include the study of stochastic variation in endemic infection levels through time, the evaluation of heterogeneity effects in the partnership formation process, and the observation of the effects of a nonexponential infection duration on the prevalence of infection.
p. 22
The particular heterosexual mixing formulation presented above has some desirable properties but it is not as general as the formulations presented by Castillo-Chavez and co-authors [4] [5] [6] . These results help to bridge the gap between deterministic differential equation analysis and stochastic discrete-individual simulation models for the study of infectious diseases. There remains much more to be done, but the above mathematical formulation and insights for computer implementation may serve as a useful basis for further research.
Appendix A
A.1. Mixing functions.
A significant amount of work has been done to develop mixing rate functions for deterministic models (e.g., see [6,8]) , and the GERMS model formulation builds upon that work by extending the application to the individual, rather than population, level. respectively, one obtains alternate mixing rates analogous to deterministic population-level mixing functions already used in demographic studies [6] . Assuming that j and k can form a partnership, the arithmetic average of Equation (1) Table 1 .
First, someone infected at the end of a partnership is infected at the start of the next partnership with probability λ/( λ+1/d). For infection levels to remain stable, the following relation must therefore be true. The rates are readily translated into the following relationships:
These relationships imply that:
, it is easily verified that Combining terms leads to the relationship in Equation (5) . Recall that 
The above expressions for Y and Z can be substituted into the equation for X to get:
This simplifies to the assertion of Equation (11). 
62
Erlang Infection Same as "Shorter Infection", except that the infection durations have the same mean, but have Erlang distribution with shape parameter 2.
1.6
Concurrency for All Same as "Base case", except that everyone can have concurrent partnerships (θ = 0.1)
993
Concurrency for 10% Same as "Base case", except that exactly 10% of the males and females can have concurrent partnerships (θ = 0.1)
710
Extra Activity Setting Same as "Concurrency for 10%", except that monogamous individuals form partnerships exclusively in activity setting 1, and others split the partnership propensity in two settings. In submission. .
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